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Abstract
The linearization of a type of f(R) gravity is studied directly in the higher-order frame for an
arbitrary five-dimensional warped space-time background. The quadratic actions of the normal
modes of the scalar, vector, and tensor perturbations are derived by taking the curvature gauge,
under which the linear perturbation of the scalar curvature is zero, and all the perturbation equa-
tions reduce to second order. By comparing our results to those obtained in the Einstein frame,
we find that the quadratic actions of the normal modes are equivalent for these two frames.
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I. INTRODUCTION
f(R) gravity is one of the simplest extensions of Einstein’s general relativity (GR). Its
Lagrangian is a function of the scalar curvature R, and GR is simply the case with f(R) ∝ R.
The Einstein equations of an f(R) theory are fourth-order differential equations, which are
hard to solve in general. Nevertheless, f(R) theory is mathematically related to the Brans-
Dicke theory with parameter ω0 = 0 [1] (also known as “massive dilaton gravity” [2, 3]),
which leads to second-order equations. In addition, a Brans-Dicke theory can always be
transformed into a minimally coupled scalar-Einstein theory [1, 3–6], as can the original f(R)
theory [7]. In fact, in addition to the ω0 = 0 Brans-Dicke theory and the minimally coupled
scalar-Einstein theory, an f(R) theory has infinite representations which are mutually related
via conformal transformations [8, 9]. Following Ref. [1], we call the Brans-Dicke theory (the
scalar-Einstein theory) as the Jordan frame (the Einstein frame) of the corresponding f(R)
theory, while we refer to the original f(R) theory as the higher-order frame.1
Physically, f(R) theory offers a pure geometric explanation for cosmological inflation
and dark energy [10–15] [see [16] for discussions of f(R) theory and its cosmological phe-
nomenology] as well as the formation of domain wall branes in higher-dimensional space2
[19]. Usually, the background solutions are found in the Jordan frame or in the Einstein
frame, but sometimes it is not difficult to find interesting solutions directly in the higher-
order frame (for example, see Ref. [19]). Once a solution is obtained in the Jordan or the
Einstein frame, one can reconstruct the solution in the higher-order frame.
The mathematical equivalence between different frames was widely accepted in the past;
only the physical equivalence remains a controversial issue (see [20–25] for some of the early
discussions and [4, 6] for comprehensive reviews). However, it was recently pointed out that
different frames are inequivalent even mathematically [26]. According to Ref. [26], neither
Noether equations nor quantum equations may be translated from one frame to the other
because of the nontranslatability of momenta of different frames. Therefore, it is important
to study f(R) theory directly in its higher-order frame.
In addition to the construction of various kinds of background solutions, the evolution of
1 Sometimes, however, the original f(R) theory is also called the Jordan frame.
2 In general relativity, one usually constructs a domain wall brane model by introducing a background
scalar field (for example see [17, 18]). Since a pure metric f(R) gravity is related to a minimally coupled
scalar-Einstein theory, it is also possible to construct domain wall brane models by simply starting with
a vacuum f(R) theory. 2
gravitational perturbations around these solutions is also an important issue. On one hand,
the perturbation equations should also be of fourth-order in the higher-order frame. While
on the other hand, the conformal transformation technique indicates that the higher-order
derivatives can be eliminated. To understand this “paradox,” one must confront the higher-
order frame and derive the perturbation equations directly. This issue has been extensively
considered in cosmology even for the more generalized f(R, φ) theory [27, 28]. In this
paper, we consider the linear perturbations around a five-dimensional warped geometry in
the higher-order frame of a pure metric f(R) gravity.
Models with a warped extra dimension have been applied to explain the large hierar-
chy between the electroweak scale and the Planck scale [29–31], the splitting of fermion
masses [32], and the localization of four-dimensional gravity on a four-dimensional domain
wall [17, 18, 33, 34] (see [35, 36] for recent reviews on the theory and phenomenology of
warped spaces). It is a natural idea to consider warped spaces in more general f(R) grav-
ity [19, 37–44]. In Ref. [45], the tensor perturbation around an arbitrary f(R) warped ge-
ometry was studied in the higher-order frame. Then in Ref. [19] all the perturbation modes
(including scalar, tensor and vector modes) were investigated in the Einstein frame. The
aim of the present work is to give a systematic analysis to the linearization of an arbitrary
f(R) warped geometry in the higher-order frame.
In the next section, we give a general consideration to the perturbation theory of a pure
metric f(R) gravity. The quadratic action of the metric perturbation will be derived for an
arbitrary metric background. Five-dimensional f(R) warped spaces will be considered in
Sec. III. Using the scalar-tensor-vector (STV) decomposition, we decompose the quadratic
action into scalar, tensor and vector parts. Then in Sec. IV we derive the scalar perturbation
equation in the curvature gauge and compare this result with the one obtained in the Einstein
frame. A short summary will be given in Sec. VI.
II. GRAVITATIONAL PERTURBATIONS FORARBITRARY f(R) BACKGROUND
GEOMETRY
In this section, we consider the gravitational perturbations of a pure metric f(R) gravity
for an arbitrary d-dimensional background geometry. We start with the action of a d-
3
dimensional f(R) gravity
S = 2Md−2
∗
∫
ddx
√
−g˜f(R˜), (1)
where M∗ is the fundamental Planck scale, g˜ = det g˜MN is the determinant of the metric
g˜MN with indices M,N = 0, 1, · · · , d − 1, and f(R˜) is an arbitrary function of the Ricci
scalar R˜.
Suppose the metric g˜MN can be split into a background gMN plus a small perturbation
HMN , such that
g˜MN = gMN +HMN , HMN ≪ gMN . (2)
Similarly, we can write the inverse of the metric as
g˜MN = gMN + δgMN , (3)
The demanding of the orthogonal condition
g˜MP g˜PN = δ
M
N = g
MPgPN , (4)
leads to a relation between δgMN and HMN
HMN + gNP δg
MN +HNP δg
MP = 0, (5)
where the indices of HMN are raised by the background metric g
MN :
HMN ≡ gMPgNQHPQ. (6)
Equation (5) implies that δgMN has the following form
δgMP = δ(1)gMP + δ(2)gMP + · · · , (7)
where δ(n)gMP with a positive integer n is a quantity of order (HMN)n. Therefore, Eq. (5)
must be satisfied order by order. For the first two orders, we have
δ(1)gMN = −HMN , (8)
δ(2)gMP = HMNH
NP . (9)
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Similarly, one can derive the first- and second-order perturbations of other geometric quan-
tities, what we need in this paper is the following:
δ(1)
√−g = 1
2
√−gH, (10)
δ(2)
√−g = 1
8
√−g (H2 − 2HMNHMN) , (11)
δ(1)R = ∇M∇NHMN −∇P∇PH −HMNRMN , (12)
δ(2)R = −HMN∇P∇MHPN −HMN∇M∇PHPN +HMN∇P∇PHMN
+ HMN∇M∇NH +HMA HANRMN +∇MH∇NHMN −∇AHAN∇MHMN
+
3
4
∇AHMN∇AHMN − 1
2
∇AHMN∇MHAN − 1
4
∇AH∇AH. (13)
Note that here we have defined H ≡ gMNHMN .
The perturbation of the function f(R˜) can be obtained by simply using the Taylor ex-
pansion
f(R˜) = f(R + δR) = f(R) +
df
dR
δR +
1
2
d2f
dR2
(δR)2 + · · · , (14)
noting that here
δR = δ(1)R + δ(2)R + · · · . (15)
Therefore,
δf(R) = f(R˜)− f(R) = fRδR + 1
2
fRR(δR)
2 + · · · , (16)
where fR = df/dR and fRR = d
2f/dR2. Obviously,
δ(1)f(R) = fRδ
(1)R, (17)
δ(2)f(R) = fRδ
(2)R +
1
2
fRR(δ
(1)R)2. (18)
Then, the first-order variation of the action reads
δ(1)S = 2Md−2
∗
∫
ddx[(δ(1)
√−g)f(R) +√−gδ(1)f(R)]
= 2Md−2
∗
∫
ddx
√−g
(
f(R)
2
H + fR∇M∇NHMN
− fR∇P∇PH − fRHMNRMN
)
. (19)
One can easily prove that the variation of δ(1)S with respect to HMN simply leads to the
background Einstein equations,
fRRMN − 1
2
gMNf(R)−∇M∇NfR + gMN∇P∇PfR = 0. (20)
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Similarly, the master equation for the linear perturbation Hµν can be obtained via the
variation of the second-order perturbation of the action, which reads
δ(2)S = 2Md−2
∗
∫
ddx{f(R)δ(2)√−g + δ(1)√−gfRδ(1)R
+
√−g[fRδ(2)R + 1
2
fRR(δ
(1)R)2]}. (21)
Using Eqs. (10)-(13) and omitting the boundary terms, we finally obtain
δ(2)S =Md−2
∗
∫
ddx
√−g
{
1
4
f(R)
(
H2 − 2HMNHMN
)
+ fRR(δ
(1)R)2
+ fR
(
∇AHMN∇MHAN − 1
2
∇AHMN∇AHMN + 1
2
∇AH∇AH
+ 2HMNHANRMA −HHMNRMN −∇MH∇NHMN
)
+ ∇AfR
(
2HMN∇MHAN − 2HAM∇NHMN
− H∇NHAN +H∇AH
)}
(22)
Equation (22) holds for any background geometry. Obviously, the higher-order derivative
terms all come from the fRR(δ
(1)R)2 term. Since R is a scalar, the higher-order derivatives
appear only in the scalar perturbation equations. If we deal with this term properly, it is
possible to obtain second-order perturbation equations. To understand this, we note that
the quadratic action Eq. (22) is invariant under the following gauge transformations (see [46]
for details):
∆HMN = −∇MξN −∇NξM , (23)
∆δ(1)R→ −ξM∂MR, (24)
where ξM(xN ) is related to the coordinate transformation:
xM → xM + ξM(xN ), (25)
and “∆” represents the gauge transformation of a linear perturbation.
To fix the gauge freedom, one needs to choose a gauge, or equivalently, to choose a
coordinate system ξM . As we will see below, a suitable choice of gauge can eliminate the
fRR(δ
(1)R)2 term, and it leads to simple second-order perturbation equations.
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III. f(R) WARPED SPACES AND THEIR LINEARIZATION
As an application of Eq. (22), we consider the linearization of an arbitrary five-dimensional
warped space, whose metric takes the form [33]
ds2 = a2(r)ηMNdx
MdxN , (26)
where ηMN = diag(−1, 1, 1, 1, 1). The unknown function a(r) is called the warp factor, which
only depends on the extra dimension r ≡ x5. In this case, the Einstein equations (20) are
a2f(R) + 4fR
(
a′
a
)2
+ 2fR
a′′
a
− 4f ′R
a′
a
− 2f ′′R = 0, (27)
8fR
(
a′
a
)2
− 8fRa
′′
a
+ 8f ′R
a′
a
− a2f(R) = 0. (28)
Here primes denote the derivatives with respect to r.
For the background (26), it is convenient to redefine HMN ≡ a2hMN , such that HMN ≡
gMPgNQHPQ = a
−2hMN . With these definitions, the indices of HMN (or hMN) are raised or
lowered with gMN (or ηMN); consequently, H ≡ gMNHMN = h.
One can expand the covariant quadratic action Eq. (22) in terms of hMN and its par-
tial derivatives. After eliminating all terms that contain h2MN , h
2, and h2Mr by using the
background Einstein equations (27)-(28), the quadratic action finally reduces to
δ(2)S =M3
∗
∫
d5xa3
{
fR
[
∂MhNP∂
PhMN − 1
2
∂PhMN∂
PhMN
−∂Mh∂NhMN + 1
2
∂Ph∂Ph+ 3
a′
a
(h∂µhµr − h′hrr)
]
+f ′R(h∂
µhµr − h′hrr) + fRR(δ(1)R)2
}
. (29)
Here the indices µ, ν, · · · are raised by the four-dimensional Minkowski metric ηµν . For
convenience we take M3
∗
= 1 from now on.
A. The Scalar-Tensor-Vector decomposition
Mathematically, it is always possible to rewrite the metric perturbations into scalar,
tensor, and vector modes [47–50],
hµr = ∂µF +Gµ, (30)
hµν = ηµνA+ ∂µ∂νB + 2∂(µCν) +Dµν , (31)
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where the vector perturbations Cµ, Gµ are transverse,
∂µCµ = 0 = ∂
µGµ, (32)
and the tensor perturbation Dµν is transverse and traceless,
∂νDµν = 0 = D
µ
µ. (33)
With these properties, we have
h = hrr + 4A+
(4)B,
∂M∂NhMN = ∂
r∂rhrr +
(4)A+(4)(4)B + 2(4)F ′,
∂MhMr = ∂
rhrr +
(4)F, (34)
where (4) ≡ ηµν∂µ∂ν . For convenience, let us define ψ = F − 12B′ and vµ = Gµ − C ′µ.
Using the STV decomposition and omitting the total derivative terms, the quadratic
action Eq. (29) can be rewritten as
δ(2)S =
1
2
∫
d5xa3
{
fR
[
vµ(4)vµ +
1
2
Dµν(4)Dµν − 1
2
Dµν′D′µν
− 6A′(4)ψ + 6a
′
a
hrr
(4)ψ − 3A(4)A− 3hrr(4)A+ 6A′A′
− 3a
′
a
h′rrhrr − 12
a′
a
A′hrr
]
+ a2fRR(δ
(1)R)2
+ 2f ′Rhrr
(4)ψ − f ′Rh′rrhrr − 4f ′RA′hrr
}
. (35)
This is the main result of this paper. Obviously, the vector, tensor and scalar perturbations
are decoupled as follows:
δ(2)S = δ(2)Sv + δ
(2)St + δ
(2)Ss, (36)
where the vector and tensor parts are
δ(2)Sv =
1
2
∫
d5xvˆµ(4)vˆµ, (37)
δ(2)St =
1
4
∫
d5xDˆµν
(

(4)Dˆµν − λ
′′
λ
Dˆµν + Dˆ
′′
µν
)
, (38)
respectively. Here we have defined vˆµ = λvµ, Dˆµν = λDµν and λ = a
3/2f
1/2
R . The same
quadratic actions δ(2)Sv and δ
(2)St have also been derived in Ref. [19] by using a conformal
transformation.
In order to derive the quadratic action of the scalar perturbations, we need to analyze
the gauge degrees of freedom of the total action Eq. (35).
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IV. THE CURVATURE GAUGE AND THE SCALAR NORMAL MODE
With the STV decomposition, the gauge transformation Eq. (23) can be written as [50]:
∆A = −2a
′
a
ξr, ∆hrr = −2ξr′ − 2a
′
a
ξr,
∆ψ = −ξr, ∆vµ = 0 = ∆Dµν , (39)
and Eq. (24) reduces to
∆δ(1)R = −R′ξr, (40)
where ξr is the fifth component of ξM .
Therefore, the normal modes of the vector and tensor perturbations are already gauge
independent. The only gauge degree of freedom lies in the scalar sector. This gauge degree of
freedom will be completely fixed after ξr is uniquely fixed. The most widely used longitude
gauge corresponds to ξr = ψ, such that in the new coordinate frame ψnew = ψ − ξr = 0.
In other words, by using the gauge degree of freedom, we can eliminate one of the scalar
perturbations. Obviously, in the present work the best choice is to take the curvature gauge
such that δ(1)R = 0.
Then, the variation of δ(2)Ss with respect to 
(4)ψ would lead to the following constraint:
3fR
a′
a
hrr + f
′
Rhrr − 3fRA′ = 0. (41)
Using this relation, we can eliminate hrr in terms of A, and finally get the scalar quadratic
action
δ(2)Ss =
∫
d5xG
(

(4)G + G ′′ − θ
′′
θ
G
)
, (42)
where
θ =
a3/2f ′R√
3fR
(
a′
a
+ 1
3
f ′
R
fR
) , G = θA. (43)
One can easily check that the θ defined here is equal to the one defined in Ref. [19] (up to
an overall constant coefficient).
From the quadratic actions Eqs. (37)-(38), we know that no new degrees come in the
tensor and the vector sectors as compared to Einstein’s theory. For these two sectors, the
only difference between f(R) theory and the Einstein’s theory is the factor λ = a3/2f
1/2
R .
In the scalar sector, however, f(R) gravity has one more scalar degree of freedom than in
Einstein’s theory. Now, let us discuss how this scalar degree comes in.
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At the beginning, there are four scalar degrees of freedom: A,B,E, hrr. But as we have
shown in Eq. (35), B and F always appear together: ψ = F − 1
2
B′. For Einstein’s theory
fRR = 0, 
(4)ψ is simply the Lagrangian multiplier that corresponds to the constraint
equation (41), and therefore is not a true degree of freedom. We are left with only two
scalars A and hrr. After using the constraint equation (41) and fixing the gauge degree of
freedom, there is no scalar degree of freedom left. For fRR 6= 0, however, (4)ψ is no longer
a Lagrangian multiplier because δ(1)R is a function of (4)ψ,
a2δ(1)R = −16a
′
a
A′ − 4A′′ + 4a
′
a
hrr
′ + 8
a′′
a
hrr + 4
(
a′
a
)2
hrr
+8
a′
a

(4)ψ + 2(4)ψ′ −(4)hrr − 3(4)A. (44)
As a consequence, the variation of δ(2)S with respect to (4)ψ leads to the flowing constraint
equation:
−2(fRRδ(1)R)′ + 2a
′
a
fRRδ
(1)R + 3fR
a′
a
hrr + f
′
Rhrr − 3fRA′ = 0, (45)
which is a relation between ψ,A, and hrr. In this case, after using the constraint equation
and taking a gauge condition, we are left with one scalar degree of freedom. Therefore,
Einstein’s theory is a very special case of the f(R) theory where one of the scalar degrees of
freedom becomes a Lagrangian multiplier. In general, the equations of scalar perturbations
contain third- and fourth-order derivative terms, but under the curvature gauge δ(1)R = 0
all these higher-order derivative terms can be completely eliminated. In the end, the master
equation for the true scalar perturbation becomes second order.
V. ON THE LINEAR EQUIVALENCE BETWEEN DIFFERENT FRAMES
We have shown that the quadratical actions Eqs. (37), (38) and (42) obtained in the
higher-order frame are completely equivalent to those obtained in the Einstein frame (see
Ref. [19]). However, it is still unclear to what extent two different frames have equivalent
linear structure. For example, if one starts with the widely used longitudinal gauge (see
Ref. [51] for a case study of the brane world) in the higher-order and Einstein frames and
independently derives the linear perturbation equations, will equivalent results be obtained?
This question can also be asked for many other gauges that completely eliminate the gauge
degree of freedom. In the present paper, we only offer an explanation to the question: Why
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dose the curvature gauge in the higher-order frame lead to the same quadratic actions as
those obtained in the Einstein frame [19]?
Since the vector and the tensor perturbations are already gauge independent, and the
conformal transformation only redefines these perturbations, it should not be strange that
the final equations obtained in different frames coincide with each other. For this reason,
we only discuss the scalar sector.
Usually, there are many gauge choices which can eliminate the gauge degrees of freedom,
and for each of these gauges one can define a group of gauge-invariant variables. Thus, in
order to eliminate the gauge degrees of freedom, one can either choose a gauge or use the
corresponding gauge-invariant variables. These two approaches lead to equivalent results.
However, from the point of view of quadratic actions, only one group of the gauge-invariant
variables can finally diagonalize the scalar quadratic action [50, 52]. In the case of the
vacuum f(R)−brane (or the minimally coupled scalar-Einstein theory), only one of the
gauge-invariant variables is independent. This gauge-invariant variable corresponds to the
normal mode of the scalar sector, and its quadratic action will be the starting point when one
considers the quantization of the perturbation. By definition, the gauge invariant quantity
Gˆ defined in Ref. [19] is the normal mode of the scalar perturbation for the f(R)−brane in
the Einstein frame.
For the curvature gauge used in the present paper, we can also define a gauge-invariant
quantity,
R ≡ A− 2 a
′
aR′
δR. (46)
The quadratic action Eq. (42) can be expressed in terms of A by taking the gauge condition
δR = 0, as we have done in this paper, or equivalently, in terms of R without taking the
curvature gauge. Both approaches are mathematically equivalent since under the gauge
δR = 0 we simply have R = A. In other words, R (or A) is the scalar normal mode of the
f(R)−brane in the higher-order frame3. The study of our work only shows that the quadratic
actions of the normal modes (including scalar, tensor and vector modes) are equivalent for
these two frames. It will be interesting to consider the frame dependence for other gauge
choices, especially the longitudinal gauge which has been widely used in literature, but we
leave this issue for our future works.
3 Equivalently, one can also take the gauge A = 0 and regard δR as the normal mode.
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VI. SUMMARY
In this work, we considered the linearization of a five-dimensional warped f(R) gravity
in the higher-order frame. We first derived the quadratic action of the metric perturbation
around any background. Then we focused on the case of a five-dimensional warped space.
We showed that by using the STV decomposition, the quadratic action can be separated
into scalar, vector, and tensor sectors. The vector and tensor parts are already gauge
independent, and gauge choice is needed only in the scalar sector. Instead of the longitude
gauge, we applied the curvature gauge, which eliminates all the higher-order terms in the
quadratic actions, and the residual scalar mode A can be regarded as the scalar normal mode.
As compared to the quadratic actions for the normal modes in the Einstein frame [19], we
found that the quadratic actions for the normal modes (including scalar, tensor and vector
sectors) are equivalent in these two frames. Since in literature the longitudinal gauge was
used widely, it is also important to discuss whether the master equation corresponding to
the longitudinal gauge as well as many other gauges is frame independent or not. However,
this question is beyond the scope of the present work, and we leave it for future work.
This work also sets an simple example on how to linearize a higher-order gravity without
using conformal transformation, and it would be useful when more complicated higher-order
gravitational theories are considered.
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